Abstract: Nagado-daiko, the most common type of traditional Japanese drum, is known for its unique diaphragm, which is stretched to a relatively high tension compared to other types of drums. The diaphragm is primarily made of cow skin. Once the cow skin is chemically treated, it exhibits Young's modulus of approximately 3:5 Â 10 9 Pa, suggesting that the diaphragm should be treated as a stretched plate, or a stiff membrane. This paper reviews the method for obtaining eigenvalues and eigen-frequencies of a membrane with stiffness. Eigenvalues of the 15 lowest modes are given as functions of tension vs. bending stiffness ratios. A double exponential function with four constants is also presented so that eigenvalues (and then resonance frequencies) of the 15 lowest modes can be simply obtained by common calculators. Measured results of a nagado-daiko with a 48 cm diameter show that the effect of stiffness on the spacing of resonance frequencies is negligible in the lowest several modes, contradicting theoretical prediction. A more precise experimental study is necessary to determine the effectiveness of the diaphragm stiffness on the resonance frequencies especially in the mid to high frequency region.
INTRODUCTION
''Nagado-daiko'' (literally, ''long-body drum'') is the most common type of traditional Japanese drum. It has two diaphragms on both sides of its body, as seen in Fig. 1 . The typical diameter of this drum ranges from 0.3 to 1 m. The body, a hollow and circular wood trunk, is primarily made of zelkova. The diaphragm, mostly composed of cow skin, produces a large, resonant sound when struck with force. The authors examined the material properties of cow skins and observed that the skins exhibit a Young's modulus of approximately 3:5 Â 10 9 Pa, roughly 30% of that of zelkova. The skins' average density and thickness were measured at approximately 2,000 kg/m 3 and 0.002 m, respectively [1] . Additionally, the diaphragm of the nagado-daiko is typically stretched to a higher tension than other types of drums. This paper explores how the diaphragm's large Young's modulus, as well as its tension, affects the spacing between resonance frequencies of the diaphragm and, ultimately, the tone quality of the drum.
There are many studies (for example [2] [3] [4] [5] [6] ) in the field of vibration and sound that deal with vibrations of ideal (stiffness-free) membranes and ideal (tension-free) plates. Some of the studies consider the effect of positive and negative tensions on the resonance frequencies of a circular plate [2, 5] . Reference [2] describes details of the derivation of eigenvalues (resonance frequencies) and some numerical results for various compression and tension vs. bending stiffness (T=S) ratios. However, the range of the T=S ratio discussed in reference [2] is too narrow to cover T=S ratios of real Japanese drums (this will be made clear in Section 4) .
Theoretically, the eigenvalues of the two extreme cases, i.e., the ideal plate and the ideal membrane, can be obtained by letting the T=S ratio of a stretched plate equal 0 and 1, respectively. In Section 2, this paper briefly reviews the theory reported in reference [2] and system-atically describes the determination of eigenvalues of the stretched circular plate from the ideal plate to the ideal membrane.
In Section 3, some basic properties of eigenvalues of the stretched circular plate are described, followed by a formula to calculate eigenvalues of the lowest 15 modes of a stretched circular plate for arbitrary T=S ratios. Using four constants for each mode, eigenvalues (and resonance frequencies) can be calculated with just a commonly available calculator.
A more specific purpose of this study is to determine whether the diaphragm of the Japanese drum should be treated as a stiff membrane (in other words, a stretched plate) or can be treated as an ideal membrane. Very few studies have been reported on the resonance frequencies of Japanese drums [7] [8] [9] . Even though the structure of the nagado-daiko is very simple, the coupling of the two diaphragms complicates the distribution of the resonance frequencies [10, 11] . To avoid this problem, one of the two diaphragms of a 0.48 m diameter nagado-daiko was removed and the resonance frequencies of the remaining diaphragm were compared to those of numerically-calculated frequencies. The details of discussion are described in Section 4.
REVIEW OF THE TRANSVERSE VIBRATION OF A STRETCHED CIRCULAR PLATE
The theory described in this section is the same with the one given in reference [2] . Since the basic theoretical understanding of the theory is necessary for later discussions, it is briefly reviewed here. As will be shown later, the theory on a stretched circular plate can in fact cover the previously mentioned two extreme cases: an ideal plate and an ideal membrane.
Differential Equation of the Free Transverse
Vibration The free transverse vibration y of a uniform plate with the bending stiffness D, the tension T, and the density per unit area is given by [2] 
where r 2 is the Laplacian operator, which is defined by the equation below for the cylindrical coordinate system ðr; Þ.
The bending stiffness D is given by
where E is the Young's modulus, h is the plate thickness, and is the Poisson's ratio.
Solution of the Differential Equation
Assuming the harmonic vibration to be y ¼ Yðr; Þe j!t (!: angular frequency), one obtains
By defining
and
Eq. (4) is rewritten as
The solution for Eq. (7), which is valid including r ¼ 0, is given by
where J m and I m are the m-th order cylindrical and modified cylindrical Bessel functions, respectively. From Eqs. (5) and (6), the relationship between ðk 1 aÞ 2 and ðk 2 aÞ 2 is obtained as
where a is the radius of the plate, which is introduced here for the convenience of later discussions and to make Eq. (9) dimensionless. Figure 1 shows a cross-section of a Japanese drum (please be reminded that this paper considers only one diaphragm without air loading). The boundary condition of the diaphragm, however, is not easily defined due to its geometrical nonlinearity, i.e., as the diaphragm moves inward and outward, the effective radius of the diaphragm is equal to r 1 and r 2 , respectively. To avoid the complexity of the problem, this paper analyzes eigenvalues of a stretched circular plate with the clamped (or fixed) and simply-supported conditions, hereafter abbreviated as C and SS conditions, respectively. Which of these support conditions is closer to the actual condition of the diaphragm, however, has yet to be determined.
Determination of Eigenvalues
The C and SS conditions at r ¼ a are defined, respectively, by 
where M r is the moment in the r-direction. For non-trivial solutions of A and B in Eq. (8) (12) and Eq. (13) for the C and SS conditions can be uniquely determined once the dimensionless parameter Ta 2 =D is given (remind that ðk 1 aÞ 2 and ðk 2 aÞ 2 are mutually dependent through Eq. (9)). The superscripts m and n give the numbers of nodal circles (excluding the boundary) and nodal lines, respectively.
Using Eqs. (5), (6) and (9), the dependence of resonance frequency on the eigenvalue ðk mn 2 aÞ 2 is obtained as: (12) or Eq. (13) to equal zero. Once Ta 2 =D is given, it is possible to find these specific values of ðk in the range where Ta 2 =D ) 1, the curves are wellapproximated by The eigenvalues obtained by the program developed for this study were compared with the results for the extreme cases (ideal plate and ideal membrane) found in references [3] and [4] . Eigenvalues up to the (3,3) mode are the same as those of the ideal plate given by [4] on the order of four digits when Ta 2 =D is made smaller than 3 Â 10 À3 ( ¼ 0:3 in the CC condition). Eigenvalues up to the (2,2) mode are the same with those of the ideal membrane given by [3] on the order of four digits if Ta 2 =D is made larger than 1 Â 10 4 (SS condition (10) is in conflict with the ideal membrane. On the other hand, the latter of Eq. (11) is automatically satisfied when D ¼ 0 (Ta 2 =D ¼ 1). At any rate, for practical application, the error of 0.4% may not pose a problem. Figures 2 and 3 show that the transition region moves toward right as the eigenvalue increases, indicating that modes with larger eigenvalues behave more like a plate when Ta 2 =D is kept constant.
Approximation Expression of the Eigenvalues
As mentioned before, one of the purposes of this paper is to present a method of obtaining eigenvalues for arbitrary T=S ratios (Ta 2 =D) of a stretched circular plate by way of simple calculation. As Figs. 2 and 3 
and should equal the eigenvalues of the ideal plate and ideal membrane, respectively. The remaining two parameters, and , are determined by finding a pair of and that minimizes the mean square error between the values obtained by the theory (but numerically calculated) and approximation given by Eq. (17). Table 1 shows the values of constants for the lowest 15 modes of stretched plates with the C and SS conditions (remember that is common for both conditions). In the case of the C condition, the maximum errors are À3:8% and À3:0% for the (0,0) and (0,1) modes, respectively. They are +0.9% and +0.3%, respectively, in the case of the SS condition.
The left-side and right-side charts in Fig. 4 show the ''true'' and approximated eigenvalues of the (0,0) modes for the C and SS conditions, respectively. Large errors are observed at both ends of the transition regions. This is common for all modes discussed here even though the degrees of error are different. In the case of the SS condition, errors for all modes are less than 1%, which may be small enough for practical use. As the mode numbers increase, the errors become smaller for both support conditions. Table 1 is convenient since it gives eigenvalues of the lowest 15 modes of the ideal circular plate (both for the C and SS conditions) and the ideal circular membrane. The actual resonance frequencies for these cases can be calculated using Eqs. (15) or (16). If necessary, Table 1 together with Eq. (17) can be used to obtain eigenvalues for a stretched circular plate with an arbitrary T=S ratio with a known maximum error. The actual resonance frequencies for this case can be calculated using Eqs. (14). 
COMPARISON OF CALCULATED AND MEASURED RESONANCE FREQUENCIES OF A JAPANESE DRUM DIAPHRAGM
Another objective of this study is to determine whether the diaphragms of Japanese drums can be treated as ideal membranes, or if the bending stiffness of the diaphragms must be taken into account.
To avoid the coupling effect of the two diaphragms, a 0.48 m diameter Japanese drum with only one diaphragm (the other diaphragm was removed) and a 0.62 m long body was prepared for this study. The authors recorded the sounds that radiated from the drum when it was placed, open-side facing down, above a rigid floor and struck at a point 0.07 m from the edge of the diaphragm. The recording microphone was placed 0.10 m above the diaphragm near the striking point.
The frequency spectra of the sounds are shown in Fig. 5 . The left, middle, and right charts represent the measurements for the drum when it was placed (a) directly on the floor, (b) 0.06 m above the floor, and (c) 0.46 m above the floor, respectively. It is surprising that the lowest resonance only appears when the drum is lifted from the floor (middle and the right charts). Since resonance below 100 Hz disappears when the drum is placed directly on the floor, it is assumed that this is not the fundamental resonance of the diaphragm. The mode numbers, then, are assigned to individual peaks as shown in the left chart.
The measured frequencies of the modes from (0,0) to (1,2) are shown in Table 2 (2nd row). The frequency ratios Table 1 Constants used to obtain eigenvalues for the lowest 15 modes of stretched circular plates with the C and SS conditions for a given T=S ratio by way of the approximation formula given by Eq. (17). The maximum error of approximation for each mode is also displayed. Fig. 4 Comparison of the approximated eigenvalues of (0,0) modes to numerically obtained (theoretical) eigenvalues for the case of the stretched circular plates with C (left) and SS (right) conditions. Table 2 Measured resonance frequencies and frequency ratios of the Japanese drum diaphragm (second row) compared with the numerically obtained frequency ratios of the ideal membrane and the stretched plates with the C and SS conditions (3rd to 5th rows). The membrane and the plates are adjusted so that they have the identical (0,0) mode frequencies (127 Hz) with the real drum diaphragm. of the measured modes and those of the ideal membrane to their respective (0,0) mode frequencies are also shown in Table 2 (2nd and 3rd rows). The high levels of agreement between the frequency ratios of the measured and ideal membranes in the lowest five modes (within 1.6%) indicate that the effect of the diaphragm stiffness on the spacing of the resonance frequencies may not be significant for these lowest 5 modes. In order to compare the resonance frequencies of the real diaphragm with the theoretical values of a stretched circular plate, the parameter Ta 2 =D of the diaphragm must be known. Since the direct measurement is difficult, it must be estimated using at least one resonance frequency with known mode numbers (m,n) and the diaphragm parameters such as E ¼ 3:5 Â 10 9 Pa, ¼ 2;000 kg/m 3 , h ¼ 0:002 m, ¼ 0:3 and r ¼ 0:23 m (equal to r 1 in Fig. 1 ). In order for the (0,0) mode resonance frequency to be equal to 127 Hz, the tension T (Ta 2 =D) for the plate with the C and SS conditions must be 20,800 (429), and 23,100 (477), respectively. The positions of Ta 2 =D ¼ 450 (% ð429 þ 477Þ=2)) on the frequency axes are marked by the vertical lines in Figs. 2 and 3 . As mentioned before, the transition regions seen in Figs. 2 and 3 move toward right as the eigenvalues of modes increase. The fact that this value occurs in the transition region is an indication of the possibility that the diaphragm stiffness may influence the resonance frequency spacing in the mid to high frequency region.
The numerically obtained frequency ratios of the stretched plates with Ta 2 =D ¼ 429 for the C and with Ta 2 =D ¼ 477 for the SS conditions are shown in Table 2 for the lowest 8 modes and in Table 3 the for higher modes. Figure 6 shows the frequency ratios of the drum diaphragm and the stretched plates (1st, 3rd, and 4th rows of Table 3) to the corresponding frequencies of the ideal membrane (2nd row) as functions of the normalized ideal membrane frequency (2nd row). As the resonance frequency increases, the frequency spacing between adjacent resonances of the stretched plate becomes wider than that of the ideal membrane. Note that the stretched circular plates with the C and SS conditions behave similarly in terms of the frequency spacing even though they have different eigenvalues ðk What is expected for the real diaphragm from the above theoretical discussion is to show the same monotonically increasing trend the stretched plates have. On the contrary, however, the measured resonance frequencies slightly decrease as the order of modes increases at least in the lowest 8 modes. Since the effect of the stiffness is more prominent for higher modes, resonance frequencies of higher modes should be investigated. The experimental results in mid to high frequency regions, however, are harder to discuss in detail because it becomes increasingly difficult to assign mode numbers to individual resonances.
In the case of a one dimensional piano string, the degree of inharmonicity increases as the order of harmonics increases [12, 13] . As seen in Fig. 6 , the theoretical study of the two dimensional stretched circular plate also shows the same property (increase of resonance frequencies proportional to the square of the mode frequency). Whether or not real diaphragms own this property is 1.E-08
1.E-06
1.E-04
1.E-02 dependent on the frequency dependence of the Young's modulus of the chemically treated cow skins.
CONCLUSIONS
This paper examined the resonance frequencies of a stretched circular plate (i.e., a stiff membrane). First, the equation of motion for a stretched circular plate and a process of obtaining eigenvalues were reviewed. The main difference between the stretched circular plate and the ideal plate is that the former has two interdependent eigenvalues for each mode. A formula with four constants was provided to obtain eigenvalues for the lowest 15 modes with arbitrary tension/stiffness ratios for each of the C and SS conditions. The formula is simple enough that even a common calculator can be used to determine the eigenvalues. Eigenvalues obtained by the formula have maximum errors of 3.9% and 0.9% in the lowest mode for the C and SS conditions, respectively. As the mode frequency increases, the maximum error of the approximation decreases.
In order to determine whether there is any effect of the bending stiffness on the resonance frequencies of an actual drum, resonance frequencies of a 0.48 m diameter drum with a single diaphragm (the second was removed to eliminate the coupling effect) were measured. As the frequency spacing in the lowest five modes was very close to that of the ideal membrane, it is suggested that the frequency spacing can be predicted by those of the ideal membrane for the several lowest modes.
One thing missing in the present theory is the effect of the radiation impedance on the resonance frequencies. Also, the non-uniformity of the diaphragm material is not taken into account. In order to better understand the effect of diaphragm stiffness on resonance frequencies, and ultimately on the tone quality, additional theoretical studies including the internal and external air loading and experimental studies using various sizes of Japanese drums are necessary.
